Abstract. The Andrews-Curtis conjecture asserts that, for a free group
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We define the Nielsen graph 3 n .G/, n rank.G/, as follows: the set of vertices consists of generating n-tuples, i.e. V n .G/ D ¹.g 1 ; : : : ; g n / 2 G n j hg 1 ; : : : ; g n i D Gº; two vertices are connected by an edge if one of them is obtained from the other by an elementary Nielsen move.
Observe that the graph n .G/ is connected if and only if the action of Aut F n on Epi.F n ; G/ is transitive.
As an example, let us consider a finitely generated abelian group G. Then a normal generating set is just a generating set and elementary Andrews-Curtis moves coincide with elementary Nielsen moves. Therefore the two graphs n .G/ and n .G/ coincide. Moreover, we have the following: 8, 28, 29] ). Let G be a finitely generated abelian group given as connected components, where .m/ is the Euler function (the number of integers less than m which are coprime with m).
Along with this result there are several partial results about the connectedness of n .G/ for particular families of groups. For instance, n .G/ is connected when G is a finitely generated nilpotent group and n rank.G/ C 1 ( [10] ). For further known results we refer the reader to Section 4 on Nielsen equivalence, and to the references therein.
Let us get back to the Andrews-Curtis conjecture, which is still open. There have been several attempts to construct counter-examples. See Section 3 below on Andrews-Curtis equivalence for more on that. A possible way to disprove the conjecture would be to find two normally generating systems of F n such that their images in some finitely generated group are not Andrews-Curtis equivalent. This motivates an analysis of the connected components of the Andrews-Curtis graph of finitely generated groups. One of the few positive results in this direction is that n .G/ is connected when G is a free soluble group of rank n [26] , and its proof can be adapted for free nilpotent groups.
164
A. Myropolska Borovik, Lubotzky and Myasnikov [6] studied connected components of n .G/ for finite groups. In particular, they proved the following: 6] ). Let G be a finite group and n max¹w.G/; 2º. Then two normally generating tuples U; V of G are AC equivalent if and only if they are AC equivalent in the abelianization Ab.G/ D G=OEG; G. In other words, the connected components of the AC-graph n .G/ are precisely the preimages of the connected components of the AC-graph n .Ab.G//. Furthermore, they raised the question of whether or not such a criterion holds for the Grigorchuk group [13, 15] : this is a 3-generated residually finite 2-group which is just-infinite; hence Theorem 1.4 holds in every proper quotient of the group. It equally makes sense to ask the question for other just-infinite groups. We will now discuss a class of groups which includes the Grigorchuk group (see e.g. [18, Chapter VIII] for more on the Grigorchuk group).
In this paper we focus on the class C of finitely generated groups for which every maximal subgroup is normal.
A finite group is in C if and only if it is nilpotent [33, Section 5.2.4]. Moreover, C contains finitely generated nilpotent groups, because any maximal subgroup of a nilpotent group is normal [7, Section I.70] . The class C also contains the family of Grigorchuk groups .G ! / w2 ( [13, 14] ) indexed by sequence in D ¹0; 1; 2º N , and Gupta-Sidki p-groups [31, 32] .
We will now state our first result: Theorem 1.5. Let G be in the class C and n w.G/. Then two normally generating n-tuples U; V of G are AC equivalent if and only if they are AC equivalent in the abelianization Ab.G/ D G=OEG; G. In other words, the connected components of the AC-graph n .G/ are precisely the preimages of the connected components of the AC-graph n .Ab.G//.
Together with Theorem 1.3 our result describes the connected components of the Andrews-Curtis graph for groups in C. Corollary 1.6. For the Grigorchuk group G the Andrews-Curtis graph n .G/, n 3, is connected.
It is not hard to see that, for groups in C, the set of vertices of n .G/ and n .G/ coincide (see Proposition 2.1). Therefore connectedness of n .G/ implies connectedness of n .G/. Our other results are devoted to connectedness of n .G/. We have already mentioned that n .G/ is connected for nilpotent groups when n rank.G/ C 1. Here we study connectedness of n .G/ for nilpotent groups when n D rank.G/. For free nilpotent groups, as a direct corollary of the result by Andreadakis [2] and Bachmuth [4] , we obtain the following: Theorem 1.7 (Section 4.2). Let G be the free nilpotent group of rank n 2 and nilpotency class c. Then n .G/ is connected if and only if c D 1 or 2.
Furthermore, let H k be the discrete Heisenberg group of rank 2k (Section 4.2). Theorem 1.8 (Section 4.2). The graph n .H k / is connected when n 2k.
In the end we prove the connectedness of n .G/ for p-groups in C and n rank.G/ C 1:
Recall that the Gupta-Sidki p-group [16] , defined for every odd prime p, is 2-generated. Corollary 1.10. The graph n .G/ is connected for the Grigorchuk group and the Gupta-Sidki p-group when n 4 and n 3 respectively.
Notice that the connectedness of n .G/, n 4, for the Grigorchuk group was also obtained by Malyshev and Pak in [25] . 2 Class C The class C is a class of finitely generated groups for which every maximal subgroup is normal.
We recall that the Frattini subgroupˆ.G/ of a group G is the intersection of all maximal subgroups of G, andˆ.G/ D G if G does not have maximal subgroups. Proposition 2.1. Let G be a finitely generated group. Then G is in C if and only if all normally generating sets are generating sets. Moreover, if G is in C, then OEG; G Äˆ.G/.
Proof. Let G be in C and assume by contradiction that there is a normally generating set S which is not a generating set. Since G is finitely generated, any 166 A. Myropolska proper subgroup is contained in some proper maximal subgroup [27] , therefore
Conversely, we will prove that if all normally generating sets are generating sets then all maximal subgroups are normal. We prove the equivalent statement: if there is a maximal subgroup M which is not normal, then there exists a normally generating set which is not a generating set. We take as a normally generating set S D M . Then hhS ii D G since M is maximal and hS i ¤ G since M is proper.
Furthermore, if G is in C, then for any maximal subgroup M the quotient G=M is isomorphic to Z=pZ by the correspondence theorem, in particular, G=M is abelian. Therefore OEG; G Ä M and we conclude that OEG; G Äˆ.G/.
Proposition 2.2. Let G be in C and n 1. Then the natural maps
Proof. We will now prove the case of n . Consider the projection
If n < rank.G=OEG; G/, then the sets Epi.F n ; G=OEG; G/ and Epi.F n ; G/ are empty and there is nothing to prove. Assume now that n rank.G=OEG; G/. Let s 1 ; : : : ; s n 2 G such that .s 1 /; : : : ; .s n / generate the group G=OEG; G. Suppose hs 1 ; : : : ; s n i Ä M for some maximal subgroup M of G; we will obtain a contradiction. By Proposition 2.1, OEG; G Ä M , and we have
This is a contradiction since M is a proper subgroup of G. The proof for n repeats the one above with OEG; G replaced byˆ.G/.
Andrews-Curtis equivalence
There are doubts as to whether the Andrews-Curtis conjecture is true or not.
A possible way to disprove it would be to find two normally generating systems of F n such that their images are not Andrews-Curtis equivalent in some finitely generated group.
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Akbulut and Kirby [1] suggest a series of potential counter-examples for the group F 2 D hx; yi, i.e., normally generating tuples which are not known to be AC equivalent to .x; y/:
It was suggested in [5] that one could confirm one of these potential counterexamples by showing that for some homomorphism W F 2 ! G to a finite group G, the images of the pairs (3.1) are not AC equivalent.
Notice that in an abelian group of rank 2,
so for every homomorphism W F 2 ! A into an abelian group A, the images of the pairs (3.1) are AC equivalent.
In view of the latter, [6] considered the class of groups with the following property: for any n max¹w.G/; 2º, two normally generating n-tuples U; V are AC equivalent in G if and only if their images are AC equivalent in the abelianization Ab.G/. Therefore groups from this class will not confirm the potential counterexamples (3.1). Borovik, Lubotzky and Myasnikov [6] proved that all finite groups belong to this class. They also ask whether it is true for the Grigorchuk group. Our Theorem 1.5 answers their question positively.
We will now proceed to the proof of Theorem 1.5. First, we present a few well-known properties of the Frattini subgroup: Lemma 3.1. Let G be a group. (ii) [10] Let G D hx 1 ; : : : ; x n i and ' 1 ; : : : ; ' n 2ˆ.G/. Then
Proof of Theorem 1.5. Let G be in C. Then by Proposition 2.1 normally generating sets coincide with generating sets of G and therefore rank.G/ D w.G/. Consider two generating tuples U; V in G which are AC equivalent. Then for any normal subgroup N C G their images in G=N are AC equivalent. In particular, it is true for N D OEG; G.
Assume now that the images of U; V in Ab.G/ are AC equivalent. Let us first consider the case n D rank.G/ and rank.G/ D 2. Proving that U D .u 1 ; u 2 / and V D .x; y/ are AC equivalent is equivalent to proving that .x; y/ and .x' 1 ; y' 2 / are AC equivalent for all ' 1 ; ' 2 2 OEG; G. Denote by ord G .g/ the order of g in G. One computes that
is a right coset representative system for G mod OEG; G. Using the ReidemeisterSchreier rewriting process we find a set S of generators for OEG; G:
We will proceed by induction on the length of ' 1 2 OEG; G in generators of S to prove that .x; y/ and .x' 1 ; y/ are AC equivalent. Let ' 1 D s' 0 1 with s 2 S and ' 
Then the proof above can be repeated with more similar cases to consider.
Finally, assume n > rank.G/, and for simplicity rank.G/ D 2. Let us fix a system of generators ¹x; yº of G.
Since G=OEG; G is abelian and n > rank.G=OEG; G/, the graph
is connected by Theorem 1.3. We need to prove that n .G/ is connected. This is equivalent to proving that . There is a different proof for the fact that if hx 1 ; : : : ; x n i D G, then for all c 2 OEG; G one has .x 1 ; : : : ; x n / AC .x 1 c; x 2 ; : : : ; x n / (see [ 
26, Property 2]).
Question 2. Is it true that, if n .G/ is connected for some n w.G/, then m .G/ is connected for every m > n?
The following proposition gives a partial answer to Question 2: Proposition 3.2. Let G be in C. Suppose n .G/ is connected for some n w.G/. Then k .G/ is connected for every k n C 1.
Proof. Let G D hhx 1 ; : : : ; x n ii. Since G is in C, we have hx 1 ; : : : ; x n i D G. By assumption, n .G/ is connected for some n w.G/. It is sufficient to prove the statement for k D n C 1. We need to show that for each normally generating .n C 1/-tuple .g 1 ; : : : ; g nC1 / there is a sequence of Andrews-Curtis moves which transforms .g 1 ; : : : ; g nC1 / into .x 1 ; : : : ; x n ; 1/. Consider the natural projection W G ! Ab.G/. Notice that nC1 rank.Ab.G//C1 and therefore nC1 .Ab.G// is connected by Theorem 1.3. Hence we have .g 1 ; : : : ; g nC1 / AC .x 1 ; : : : ; x n ; 1/ in Ab.G/, and consequently .g 1 ; : : : ; g C1 / AC .x 1 c 1 ; : : : ; x n c n ; c nC1 / for some elements c 1 ; : : : ; c nC1 2 OEG; G. Since G is in C, we have that OEG; G Äˆ.G/ and therefore hx 1 c 1 ; : : : ; x n c n i D G. Hence .x 1 c 1 ; : : : ; x n c n ; c nC1 / AC .x 1 c 1 ; : : : ; x n c n ; c nC1 c 1 nC1 / D .x 1 c 1 ; : : : ; x n c n ; 1/ AC .x 1 c 1 ; : : : ; x n c n ; c 1 / AC .x 1 ; x 2 c 2 : : : ; x n c n ; 1/ AC AC .x 1 ; : : : ; x n ; 1/:
Proof of Corollary 1.6. Since G=OEG; G Š .Z=2Z/ 3 (see, for example, [18, Section VIII.22]), the graph 3 .G=OEG; G/ D 3 ..Z=2Z/ 3 / D 3 ..Z=2Z/ 3 / is connected for n 3 by Theorem 1.3. To obtain connectedness of n .G/, n 3, apply Theorem 1.5 and Proposition 3.2.
Nielsen equivalence
The question about transitivity of the action of Aut F n on Epi.F n ; G/ was raised in 1951 by B. H. Neumann and H. Neumann [28] and has been studied in different contexts, see [11, 22, 30] . If G occurs as the fundamental group of a closed surface †, then the action of Aut F n is transitive already for n D rank.G/ ( [21, 34] ). There are examples of finitely generated groups for which it is not; for example, finitely generated abelian groups (see Theorem 1.3 above) with m 1 3. But once n rank.G/ C 1 transitivity is easier to get. It holds for finitely generated nilpotent groups [10] , for finite solvable groups [9] , as well as for PSL.2; q/ for n 4 and q a prime power [12] . In fact, for groups in the class C the converse is also true by Proposition 2.2: Corollary 4.2. Let G be in C and n rank.G/ C 1. Then n .G/ is connected if and only if n .G=ˆ.G// is connected. Corollary 4.3. Let G be in C. Suppose n .G/ is connected for some n rank.G/. Then k .G/ is connected for all k n C 1.
Proof. Since G is in C, we have OEG; G Äˆ.G/. Use the fact that G=ˆ.G/ is abelian and apply Theorem 1.3 and Corollary 4.2.
Nielsen equivalence for p-groups in class C
In this chapter we will prove Theorem 1.9. In view of Corollary 4.2 it is desirable to analyse the quotient of the group by its Frattini subgroup.
Proposition 4.4. Let G be a finitely generated p-group from C. Then
Proof. First we prove that the Frattini subgroupˆ.G/ is of finite index in G and then show that G=ˆ.G/ Š .Z=pZ/ rank.G/ . Let M be a proper maximal subgroup of G. Then by assumption M C G and G=M is an abelian p-group, hence finite. Let us prove that
So M < M 1 < G which contradicts the maximality of M . Hence G=M has order p.
Since G is finitely generated, there are only finitely many subgroups of a given index [17] . Hence there are finitely many maximal subgroups of G. We use that the intersection of finitely many subgroups of finite index is a subgroup of finite index [17] and conclude that the index of the Frattini subgroupˆ.G/ is finite.
Since G is in C, we have OEG; G Äˆ.G/ by Proposition 2.1. Also for given g 2 G we have g p 2 M for any maximal subgroup M and thus g p 2ˆ.G/.
Moreover, G=ˆ.G/ is finite and we conclude that G=ˆ.G/ is an elementary abelian group. By the fundamental theorem of abelian groups G=ˆ.G/ is a direct product of non-trivial cyclic subgroups, each of which must have order p:
where`Ä d D rank.G/. Suppose that`< d and there is a generating`-tuple .s 1 ; : : : ; s`/ of G=ˆ.G/. By Proposition 2.2, the`-tuple .s 1 ; : : : ; s`/ has preimage in Epi.F`; G/ therefore rank.G/ < d . We obtain a contradiction.
Proof of Theorem 1.9. Use Proposition 4.4, Theorem 1.3 and Corollary 4.2.
Proof of Corollary 1.11. Since G=ˆ.G/ Š .Z=pZ/ 2 (see [32] ), it follows that the graph 2 .G=ˆ.G// has p 1 2 connected components by Theorem 1.3. If two generating tuples of G are Nielsen equivalent in G, then their images in G=ˆ.G/ are also Nielsen equivalent. We deduce that there are at least p 1 2 2 connected components of 2 .G/.
Nielsen equivalence of free nilpotent and Heisenberg groups
Let us recall the following definitions:
Let W .x /, D 1; 2; : : : , be a set of words in the symbols x , D 1; 2; : : : . Then the ¹W º-verbal subgroup G.W / of a group G is the subgroup of G generated by all elements of the form W .g /, where g ranges over G.
Any verbal subgroup is characteristic, but the converse is false.
Let F n be the free group of rank n 2 and let V be a verbal subgroup of F n . Then, in particular, V is characteristic and the natural mapping F n ! F n =V induces a homomorphism W Aut.F n / ! Aut.F n =V /. The elements of the image of are called tame automorphisms of F n =V . Since V is a verbal subgroup, a map between two generating n-tuples of F n =V can be extended to an automorphism of F n =V (see [24, Theorem 1.1] ). Thereby the transitivity of the action of Aut F n on the set of generating n-tuples is reduced to the question whether all automorphisms of F n =V are tame.
Recall that for a finitely generated nilpotent group G, n .G/ is connected for n rank.G/ C 1 [10] . We will discuss n .G/, n D rank.G/, for free nilpotent groups and Heisenberg groups.
Consider the lower central series of F n , F n B OEF n ; F n B OEF n ; OEF n ; F n B ;
every member of which is a verbal subgroup of F n . Let c F n be its c-th term. The group F n .c/ D F n = cC1 F n is the free nilpotent group of rank n and class c. and show that there is no 2 Aut F 2 such that˛i D ˛j , for i > j . Equivalently, there is no 2 Aut F 2 such that˛k D for an arbitrary positive integer k. By the criterion stated above, the automorphism˛k is tame if it is trivial. Consider 2 .x/ D xOEy; x; xOEy; xOEy; x; x; xOEy; x; x D xOEy; x; x 2 . More generally,
Hence˛k is not trivial for any k > 0.
It is easy to see that there is just one Nielsen equivalence class if c D 1 not using Theorem 1.7. We have F n .1/ Š Z n and Epi.F n ; Z n / D GL n .Z/. Moreover, .Aut F n / D GL n .Z/ and the action of GL n .Z/ is obviously transitive on itself. For n D c D 2 the nilpotent group F 2 .2/ is isomorphic to the Heisenberg group H 1 D hx; y j OEx; OEx; y; OEy; OEx; yi (see [19] Proof of Theorem 1.8. We will prove that the graph N rank.H k / .H k =ˆ.H k // is connected and deduce connectedness for N rank.H k / .H k /. We refer to [10] for the case n rank.H k / C 1.
Each element of H k can be written as . 
Observe that 
